The influence of strong loss peaks on the dispersion (through the Kramers-Kronig relations) of a nonlinear waveguide is investigated theoretically. It is found specifically for degenerate four-wave mixing in a poly(methyl methacrylate) microstructured polymer optical fiber that the loss-induced dispersion significantly modifies the wavelengths for which there is phase-match. Depending on the pump wavelength, the waveguide dispersion, and the loss peaks, it is possible for the output spectrum to either be unaffected by the loss-induced dispersion modulation, or to show an increase in the efficiency of nonlinear spectral broadening, compared to the expected efficiency when ignoring the loss-induced dispersion modulation.
Introduction
Nonlinear optical effects are usually studied in wavelength regions where the loss of the nonlinear waveguide is small compared to the propagation length required for efficient nonlinear effects [1] . Interesting exceptions to this do, however, exist: nonlinear effects causing spectral broadening across bandgaps separated by very high losses have been studied in photonic bandgap fibers [2] . Also, kagome-lattice hollow-core photonic crystal fibers with high resonant losses have been investigated for applications in nonlinear optics [3] . In both cases the regions with high losses were due to the guiding properties of the microstructure of the fiber, and in the latter work it was assumed that the resonant losses to some degree are reduced due to averaging over structural variations along the fiber.
Recently, work in fabricating photonic crystal fibers (PCFs) from materials other than silica, such as chalcogenide glasses [4] or polymer [5] [6] , has intensified. Some of the advantages of using alternative materials can be extended wavelength transmission range, higher inherent material nonlinearity, or greater flexibility in designing and fabricating the microstructure. These alternative materials often have wavelength regions with significantly higher losses than silica. The material losses do not average out due to structural variations and can therefore pose a larger problem for efficiency of nonlinear effects. Besides the obvious drawback of increased linear pump attenuation, the high losses also modify the dispersion profile of the waveguide through the Kramers-Kronig relations [7] . To estimate whether it is possible to observe spectral broadening in a waveguide with strong loss peaks, one could perform a pulse propagation calculation including the losses and ignoring the dispersion-modulation caused by the loss. However, it is not intuitively clear whether the dispersion-modulation is negligible or whether it e.g. broadens the pulse temporally so quickly that spectral broadening is stopped. Since the efficiency of nonlinear effects is highly sensitive to the dispersion profile [8] , the high losses may also influence the efficiency of nonlinear spectral broadening in a more indirect way. It is therefore highly important to clarify the importance of the dispersion-modulation caused by loss in specific waveguides. It should also be noted that the Kramers-Kronig relations between loss/gain and group-velocity dispersion can be exploited for slow-light applications, see e.g. the recent review in Ref [9] .
To better understand the indirect coupling between high losses and nonlinear spectral broadening, this work presents a theoretical and numerical investigation of degenerate fourwave mixing (FWM) in a microstructured polymer optical fiber (mPOF) made of the polymer poly(methyl methacrylate), PMMA. PMMA is the most commonly used polymer for polymer optical fibers [6] but has several significant loss peaks in the near-infrared. Although the work focuses specifically on FWM in a PMMA mPOF, the experience drawn from this investigation should be useful for studies of other nonlinear effects and other types of nonlinear waveguides with wavelength regions of high loss. Section 2 first introduces the material loss and nonlinearity of PMMA. Then the Kramers-Kronig relation is used to link the losses to a modulation of the dispersion, and a theoretical background is provided for FWM. Section 3 considers how the phase-matching for FWM is modified by the high loss peaks of PMMA. The efficiency of nonlinear spectral broadening by FWM is further examined by pulse propagation simulations. Finally, the results are concluded in Section 4.
Theory
The optical loss spectrum of PMMA exhibits some very significant peaks in the near-infrared due to harmonics of the vibrational C-H bond [10] . The measured loss in bulk PMMA is shown in Fig. 1 Kaino et al. 1985 Fit to bulk loss between 850−1850 nm Measured loss in PMMA mPOF Fig. 1 . The measured loss in bulk PMMA from Ref [10] . (blue, dash-dotted) and the measured loss in an mPOF (red, solid). The losses for the mPOF fibre could not be measured in wavelength regions with very high loss (around 1180 nm, 1400 nm, and above 1600 nm). A fit to the loss peaks between 850 and 1850 nm is also shown (green, dotted), made from a sum of 7 functions with the form given by Eq. (7) .
Although mPOFs can be fabricated with the same core size as used in highly nonlinear silica PCFs [11] , it is still necessary for the nonlinearity of the polymer material to be sufficiently high to overcome the detrimental effects of the very high transmission losses of typical polymers such as PMMA compared to the low losses obtained in silica. To estimate the nonlinearity of PMMA and compare it to silica we use the nonlinear-index coefficient ( )
χ is the third-order susceptibility and n is the refractive index [1] . Using the values stated in Refs [12] . and [13] at λ=1064 nm one obtains [14] (3 
The nonlinearity of PMMA can thus be expected to be approximately twice that of silica.
However, since the loss α at 1064 nm in PMMA is approximately 4 10 times larger than in silica, the figure of merit 2 / n α for PMMA is 4 2 10 − × that of silica. Recently, n 2 was measured experimentally at λ=1550 nm in a PMMA bulk sample (which can be assumed to have the same n 2 value as a PMMA mPOF) to be approximately 1.9 times that of silica [15] , using nearly degenerate FWM process combined with heterodyne technique and directly comparing the value of the PMMA to the value of fused silica bulk sample [16] , so the estimate above for λ=1064 nm seems reasonable.
Kramers-Kronig relation
Since the loss is related to the refractive index of a material through the Kramers-Kronig relations, the loss peaks can be expected to significantly modify the material dispersion in the vicinity of the loss peaks. The change in the imaginary part χ ′′ of the susceptibility χ due to the loss α at frequency ν is found from [7, 14] and finally the change in refractive index due to the loss is found from [7] 0 0
In this work, the refractive index given by the following equation is used for 0 n :
Where A 0 =2.18645820,
.7664259×10 −5 µm 6 , and A 5 =−2.9936382×10 −6 µm 8 . This expression was found as a fit to the measured refractive index in the range 365-1060 nm for PMMA [17] (the optical properties of PMMA vary depending on the fabrication method).
Fitting to measured loss
The measured loss from a PMMA mPOF is not directly useful as α(ν) in Eqn. (2): there are regions in which the loss is difficult to measure due to high losses. One could think that this problem can be solved simply by making the fiber short enough, but to be used in a practical setup the fiber must always have a minimum length. The data for losses in bulk PMMA obtained from Ref [10] . can also not be used directly because of the low resolution of data points; high resolution of the loss data is necessary to accurately perform the integration in Eqn. (3) .
To overcome these difficulties the following approach is taken here. The susceptibility χ(ν) of a resonant dielectric medium with charges modeled as classical harmonic oscillators with resonance frequency 0 ν and linewidth ν ∆ has an imaginary part given by [7] 
Together with Eqn. (2) one obtains the loss-profile arising from a single ideal harmonic oscillator:
The sum of 7 functions ( ) m α ν is fitted to the loss of bulk PMMA from Ref [10] . in the region 850-1850 nm. This wavelength region is chosen because the losses below 850 nm have negligible influence on the dispersion, and because the losses above ~1600 nm are so high that effectively no spectral power is generated there for the pumping parameters considered here. Each function α m (ν) is characterized by three fitting parameters given in Table 1 . The fit is shown in Fig. 1 and is seen to fit quite well to the bulk loss of PMMA in the wavelength region 850-1400 nm which is fully sufficient for the propagation simulations described in Section 3. 7) to obtain the fitted loss profile shown in Fig. 1 .
Amplitude, 
Dispersion modulated by loss
The 7-peak loss fit was used together with the equations in Section 2.1 to calculate the change in refractive index due to the bulk loss of PMMA and is shown in Fig. 2 . It is seen that the change in refractive index n is on the order of 10 −5 , so initially one could think that the influence of loss on dispersion is negligible. However, one must keep in mind that it is the change of the slope of n with frequency ν which determines the dispersion [1] . The dispersion of a PMMA mPOF with pitch 2.0 Λ = µm and relative hole size / 0.6 d Λ = was calculated using a mode solver based on the finite element method [18] . The material dispersion was included using either only Eqn. (5) or by also adding the modulation of the refractive index due to loss given by Eqn. (4) . Fig. 3 shows the calculated dispersion both using the material dispersion in the absence of loss and the calculated material dispersion in the presence of loss. It is seen that when the change in material dispersion due to loss is included, the dispersion can be strongly modified in the vicinity of the loss peaks. For the loss peak at ~1020 nm of about 30 dB/m, the shift in dispersion due to material loss is between −20 and +10 ps/(nm·km). The change in dispersion due to material loss could therefore play a significant role for nonlinear optical effects, where even a small change in dispersion can lead to a significant change of the output spectrum [8] .
Four-wave mixing
For the pumping parameters considered in this work it is found that degenerate four-wave mixing (FWM) is the dominant spectral broadening mechanism. FWM can be viewed in the frequency-domain as two pump photons ( p 
Note that maximum gain occurs when there is phase-match, 0 κ = . 
Impact on four-wave mixing

Modification of phase-matching conditions
We now consider how the loss-modulated dispersion affects the FWM conditions. ( ) β ω was calculated using the previously mentioned finite-element method when using either only Eq. (5) or by also adding the modulation of the refractive index due to loss given by Eq. (4). Equation (8) was then solved for ( ) 0
κ ω = to find wavelengths with phase match and thereby maximum gain for FWM. The result using pumping parameters P 0 =300 W and γ=0.067 (W·m) −1 is shown in Fig. 4 The general behavior of the FWM-phase-match wavelengths as a function of pump wavelength is that they are shifted ~40 nm from the pump when pumping in the anomalous dispersion regime (above 1040 nm) but shifts further away from the pump when the pump is moved into the normal dispersion regime (below 1040 nm). It is seen from Fig. 4 that taking the loss peaks of PMMA into account leads to the same general behavior, but there are some significant modulations of the phase-matched wavelengths in the vicinity of the loss peaks.
To investigate this in more detail, the FWM-phase-match wavelengths are plotted for three different values of P 0 in Fig. 5 . The loss peak around 1182 nm is useful for closer study of the general influence of loss peaks on the FWM phase-match, because this loss peak is sufficiently far away from the zerodispersion wavelength (ZDW) for the ZDW to have negligible influence, and because this loss peak is sufficiently isolated from the other loss peaks so that there is no combined effect of multiple loss peaks. Three interesting observations can be made from Fig. 5 in the vicinity of the loss peak at 1182 nm. First, the phase-matched wavelengths are shifted closer to the pump when pumping on the long-wavelength side of a loss peak, as seen for λ p >1182 nm in Fig. 5 . Second, the phase-matched wavelengths are shifted away from the pump when pumping on the short-wavelength side of a loss peak, as seen for values of λ p in the range 1135-1180 nm in Fig. 5 . Third, phase-matching can be achieved even for vanishing peak power, 0 0 P → , in the range 1150 nm p 1182 λ ≲ ≲ nm. Phase-matching for vanishing peak power is also seen to be possible when pumping close to the zero-dispersion wavelength in the anomalous dispersion region (λ p slightly above 1040 nm). This is found in Section 3.5 to result in a more efficient nonlinear spectral broadening than could be expected if lossmodulated dispersion was ignored.
Pulse propagation simulation
This section considers how the combination of strong loss peaks and loss-modulated dispersion affects FWM during pulse propagation in a PMMA mPOF. The pulse propagation is modeled using the nonlinear Schrödinger equation [1, 19] [ ]
Note that Raman gain has been neglected for simplicity [cf. Eq.
(8)] and to focus the investigation on the influence of loss-modulated dispersion on FWM. ( , )
A ω ɶ z is the Fourier transform of the pulse envelope ( , )
A t z , and F denotes Fourier transform. Finally,
Random noise on the input pulse was included using the widely used one-photon-per-mode model [19] . It should be noted that the dispersion operatorˆ( ) because the latter form requires extraction of the β m -parameters using a polynomial fit to β(ω). The polynomial fit is deliberately avoided here because the loss-induced oscillations of β(ω) (see Fig. 2 ) make a polynomial fit unsuitable, as was also found previously for a photonic bandgap fibre where the structural resonances lead to strong losses [2] . It must be stressed that the two forms of the dispersion operators are entirely equivalent, which means that higher-order dispersion is included even when applying the dispersion operator in the form used in Eq. (10). The propagation Eq. (10) is solved using the split-step Fourier method [1, 19] which with the used form of ˆ( ) D ω requires the calculation of β(ω n ) at all N discrete frequency points ω n before simulating the pulse propagation. Since N is typically a quite large number (N=2 15 in this work) it is impractically time consuming to calculate all N values of β(ω n ) using the finite-element mode solver. To overcome this problem the following approach was taken.
First, the points β(ω n ) are calculated for a more practical number of points M<N, typically M~1000, for the mPOF structure with material dispersion included only through Eq. Fig. 3 ). Green, dashed: dispersion when calculating the propagation constant using a perturbation of the loss-free modecalculation, Eqn. (12) . 
Simulation with no loss and pumping in the anomalous dispersion region
To better understand the results of this work, it is useful to first consider a simulation of pulse propagation where both material loss and loss-modulated dispersion is neglected.
The calculated spectra for such a simulation are shown in Fig. 7 . The pump wavelength was set to 1064 nm, the pulse peak power P 0 =300 W, full-width-at-half-maximum T FWHM =15 ps with Gaussian pulse shape, the number of points N=2 15 , temporal resolution ∆t=3.5 fs, and the mPOF parameters are the same as mentioned in Section 3.1. The spectra shown have been smoothed using Savitzky-Golay filtering [21] .
It is seen from Fig. 7 that initially (after 0.2 m of propagation) two peaks arise at ~1010 nm and ~1130 nm. This corresponds well with the expected location of FWM Stokes and anti-Stokes peaks found from Fig. 5 . Upon further propagation the peaks are seen to grow, and higher-order sidebands also emerge. After 0.6 m of propagation the sidebands are seen to merge together to form a continuum [8] . Fig. 8 . Simulated spectra after 0.6 m of propagation, pump wavelength λp=1064 nm, when only loss is included (green, solid) and when both loss and loss-modulated dispersion are included (red, dash-dotted). Compared to when loss is neglected ( Fig. 7) , it is seen that the peaks shift closer to the pump. 
Simulation including loss and pumping in the anomalous dispersion region
The effect of including loss and the loss-modulated dispersion is now considered. The pulse parameters and mPOF parameters are the same as previously, and the simulation results are shown in Fig. 8 for a propagation length of 0.6 m. The high losses of PMMA cause a much weaker spectral broadening than in the previous loss-free case, and the FWM peaks reach a spectral power maximum after about 0.6 m of propagation before the losses lead to a decrease of their spectral power. It is seen that regardless of whether loss-modulated dispersion is included or not, the Stokes and anti-Stokes peaks are located at ~1100 nm and ~1030 nm, respectively. In this case it therefore appears that the loss-modulated dispersion has insignificant effect on the FWM. It is also seen that the FWM peaks are shifted closer to the pump, compared to the previous case where loss was entirely neglected: the anti-Stokes and Stokes shifts are about 30 nm and 20 nm closer to the pump, respectively. This can be explained using Fig. 5 , where it is seen that the phase-matched wavelengths shift closer to the pump as the pump peak power P 0 is decreased. When neglecting losses the pump power decreased by only about 2 dB from 0 m to 0.6 m (Fig. 7) ; including losses lead to a drop in pump power of about 7 dB from 0 m to 0.6 m (Fig. 8 ). In this case it is therefore the direct effect of loss, and not the indirect effect of loss-modulated dispersion, which causes a shift of the FWM peaks.
Pumping close to the zero-dispersion wavelength
Considering Fig. 5 it is understandable that pumping at 1064 nm did not result in significantly shifted FWM peaks when including loss-modulated dispersion: the difference between phasematched wavelengths with and without loss-modulated dispersion is simply too small. Shifting the pump to, e.g., somewhere in the range ~1130-1200 nm, would result in a larger difference between the phase-matched wavelengths. However, this would not lead to an interesting result because the high loss in this region would deplete the pump after a very short propagation length; it is the high losses which cause a significant shift of the phasematched wavelengths and at the same time lead to the difficulty of achieving any measurable spectral broadening. Fig. 10 . The power gain gP=2g when loss-modulated dispersion is either neglected (left, blue) or included (right, green) for various input peak powers P0, shown together with the loss α(ν) (black). The pump wavelength is 1040 nm, which is the same as the zero-dispersion wavelength.
Interestingly, it is also seen from Fig. 5 that the loss induced modulation of the dispersion leads to significant changes to the phase-matched wavelengths when pumping close to the zero-dispersion wavelength at 1040 nm. Simulations were therefore also performed for a pump wavelength of 1040 nm, and the result is shown in Fig. 9 .
It is seen that including loss-modulated dispersion does not lead to a significant shift of the FWM peaks, compared to when loss-modulated dispersion is ignored, as was also the case when pumping at 1064 nm. Contrary to the case of pumping at 1064 nm, pumping at 1040 nm is, however, seen to lead to significantly stronger FWM peaks when loss-modulated dispersion is included.
This result can seem surprising, but is better understood when one directly compares the calculated gain for FWM with the loss, as is done in Fig. 10 . For the case when lossmodulated dispersion is neglected (Fig. 10, left) , the gain at wavelengths on the longwavelength side of the pump is only higher than the loss for a very short propagation length: as soon as the peak power decreases by more than 3 dB, the gain decreases to values lower than the loss for all wavelengths from 1040 nm and upwards. A similar effect also occurs on the short-wavelength side of the pump, although the gain at 940 nm is still higher than the loss when the pump power has decreased by 6 dB, but it should be noted that the pump is seen to decrease by more than 8 dB after just 0.6 m of propagation. Now considering the case when loss-modulated dispersion is included ( Fig. 10, right) it is seen how some of the gain band is shifted towards the pump and into regions with lower loss. On both sides of the pump the gain is now larger than the loss even when the pump power is decreased by more than 6 dB. This explains why the FWM peaks seen in Fig. 9 are more efficiently generated when taking the loss-modulated dispersion into account. It is hereby demonstrated that the modulated dispersion caused by strong loss peaks can lead to significantly different efficiency of nonlinear effects. The modulation of the dispersion due to material loss should therefore generally be taken into account.
Conclusion
The indirect influence of high loss peaks on four-wave mixing in a nonlinear waveguide was investigated. The high loss peaks lead to a modulation of the dispersion profile through the Kramers-Kronig relations, and as expected the efficiency of the FWM-process was affected by the dispersion modulation. Pumping in the vicinity of a loss peak leads to a significant change of the FWM-phase-matched wavelengths, but not necessarily to a significant change in the output spectrum if the loss peak is too strong. This is because the efficiency of the spectral broadening can be more determined by the quick pump depletion occurring when pumping in a region of high loss, than by the precise location of the FWM-phase-matched wavelengths. However, for pumping close to the zero-dispersion wavelength of a PMMA microstructured polymer optical fiber, it was found that the loss-induced modulation of the dispersion profile was sufficiently large to lead to a significant change in the efficiency of the nonlinear spectral broadening. Another important point is that the modulation of dispersion around the investigated pump wavelengths did not cause sufficient additional temporal broadening to noticeably weaken the spectral broadening. This was observed even when the gain profiles for FWM are significantly modified by the dispersion-modulation. This work therefore demonstrates the importance of taking loss-induced modulation of the dispersion into account, when investigating nonlinear effects in waveguides with large loss peaks.
